Topological insulators (TIs) hold great promise for realizing zero-energy Majorana states in solid-state systems. Recently, several groups reported experimental data [1][2][3][4][5][6] suggesting that signatures of Majorana modes in topological insulator Josephson junctions (TIJJs) haveindeed -been observed. To verify this claim, one needs to study the topological properties of low-energy Andreev-bound states (ABS) in TIs of which the Majorana modes are a special case. It has been shown theoretically that topologically non-trivial low-energy ABS are also present in TIJJs with doped topological insulators up to some critical level of doping at which the system undergoes a topological phase transition [7] [8] [9] . Here, we present first experimental evidence for this topological transition in the bulk band of a doped TI. Our theoretical calculations, and numerical modeling link abrupt changes in the critical current of top-gated TIJJs to moving the chemical potential in the charge-accumulation region on the surface of the doped TI across a band-inversion point. We demonstrate that the critical-current changes originate from a shift of the spatial location of low-energy ABS from the surface 1 arXiv:1309.0163v1 [cond-mat.supr-con] 31 Aug 2013
The hysteresis in the low-temperature I-V characteristics is consistent with electron heating which develops after switching the junction into the resistive state 22 . As shown in Fig. 1(b) , a Fraunhoferlike pattern is generated by applying a perpendicular magnetic field which modulates the critical current in the device. While the general shape of the curve is typical for Josephson devices, the Having verified the presence of Josephson coupling in our devices, we turn to the doping dependence of the Josephson current which was studied by electrostatic depletion of charge carriers in the junction. The intrinsic n-doping that we observed in our devices is commonly attributed to selenium vacancies forming in MBE-grown Bi 2 Se 3 films shortly after the growth is completed 23, 24 .
The excess electronic density raises the Fermi energy in the device and can be removed effectively by applying a negative voltage to the top-gate of the junction (cp. device schematics in the inset of Fig.1(a) ).
A change in charge-carrier density affects resistance and critical current of the junction in different ways. As shown in Fig. 2(a) , applying a negative gate voltage reduces the critical current in a non-monotonic manner. The initial, gradual reduction of I C is followed by a rather abrupt drop. This rapid change in critical current takes place in a narrow region of gate voltages, ∆V G < 1 V, which we call transition region and mark it by its center value, the critical gate volt- We propose that the abrupt change in the critical current is a manifestation of a topological phase transition in the charge-accumulation region of the sample. Below, we argue that a con- To demonstrate the mechanism behind the topological transition, we developed a model based on the concepts laid out in Refs. [7] [8] [9] . It was shown that low-temperature transport in MBEgrown Bi 2 Se 3 films is described fully by two conductance channels, the topological surface and a quantum-confined electron gas (2DEG) which is a few quintuple layers thick. The latter results from a downward bending of the conduction band due to charge-accumulation in a few nm-wide zone below the film surface 20, 25 . Schematically, we can picture the SC-TI-SC Josephson junction as a two-layered structure of doped TI material comprised of an insulating bulk (i.e. the chemical potential is in the bulk gap) and the charge-accumulation region. Due to the short charge-screening length in the TI, we assume that electrostatic gating acts only on the 2DEG layer. This allows us to adjust its chemical potential, which -for simplicity -is taken to be constant throughout the layer.
Looking at the cross-section of the TIJJ, we identify two important boundaries: L 1 is the physical boundary of the TIJJ between the 2DEG and vacuum (or the gate dielectric in an actual device, see Fig.3 (a)), and L 2 is the boundary between the insulating bulk of the TI and the 2DEG (see Fig.   3 (b)).
Let us first assume that the chemical potential in the 2DEG layer is well within the insulating gap (i.e. a large negative voltage is applied to the top-gate), such that all 2DEG states are depopulated (see Fig.3(c) ). In this case, the 2DEG region is part of the insulating bulk. The proximity effect induces pair-correlations in the topologically-protected surface layer, L 1 , and the supercurrent is carried exclusively by ABS close to the physical surface of the TIJJ. Since the occupation probability of ABS follows a thermal distribution, i.e.
, at low temperatures a large fraction of the supercurrent is carried by the ABS which are lowest in energy (E n is the energy of the n-th ABS for a phase difference of φ across the junction, k B is the Boltz-mann constant, and T is the temperature). Typically, close to φ = π, the slope ∂En ∂φ is largest for the lowest ABS band in a TIJJ 26 , and under appropriate conditions this band may host a zero-energy Majorana state.
By contrast, when the chemical potential enters the 2DEG conduction band, superconductivity is induced in this region as well, and a new set of ABS emerges, which extends throughout the 2DEG layer. The energy of 2DEG ABS exceeds that of the boundary ABS 7 located at L 1 (see supplementary materials) and, thus, they are decoupled from ABS on the physical surface. Notice that they do not provide a decay -or delocalization -channel for Majorana modes indicating that the band topology has not changed. Indeed, previous theoretical work [7] [8] [9] suggests that the energy of ABS in a doped TI depends on the chemical potential in a nontrivial way relating to the topology of the band. In particular, the energy of the lowest ABS is minimal and equal to the energy of the boundary ABS when the chemical potential reaches the point of a topological transition in the conduction band (i.e. the band effective mass is zero). Below, we outline the energetics of ABS close to a topological phase transition and argue that they drive the step-like change in the critical current of our TIJJs. For a detailed theoretical discussion, we refer the reader to the supplementary material with this Letter.
To study the low-energy ABS in the 2DEG, we use the low-energy effective Hamiltonian of a doped TI with s-wave superconducting pair-correlations:
Here, η i are Pauli matrices that act on superconducting particle-and hole-states, and the representations τ i and σ i are chosen for orbital-and (physical) spin-degrees of freedom 7 . The
Hamiltonian is translational invariant along theŷ-direction, which is in-plane and perpendicular to the current flow in the junction (see Fig.3 
where α > 0 is of order of |∆| 2 /µ. Hence, for m (|k f |) = 0, the energy of 2DEG ABS is equal to the surface bound-state energy, which opens a decay channel for the ABS at L 1 . At the same time, the 2DEG layer becomes a region with topologically-trivial bandstructure similar to an ordinary superconducting metal and, thus, provides a de-localization path for surface ABS. As we increase the chemical potential further, we move the topological boundary to L 2 , the interface between the insulating TI and the 2DEG region (see Fig.3 (b)). Here, a new set of low-energy boundary ABS, which carries a significant portion of the supercurrent, appears after the topological transition of the 2DEG layer.
To confirm the conjecture regarding the distribution of the supercurrent within the sample, we performed a series of numerical calculations that map out the evolution of the spatial location of low-energy ABS as a function of chemical potential. We used a simple four-band model for strong topological insulators 7, 9 and considered s-wave superconducting pairing at the mean-field level. The energy of ABS is derived using exact diagonalization (cp. supplementary material section). Figures 3(f) and (e) show -respectively -the amplitudes of the low-energy ABS and the band structure used in the calculations. For the chemical potential situated within the Dirac cone (µ < 1.4), supercurrent transport is localized close to the surface where the amplitude of the ABS wavefunction is large in Fig. 3(f) . When the critical chemical potential (µ C ) associated with the topological transition is reached, the low-energy ABS migrate abruptly to the interface between the 2DEG layer and the insulating bulk TI. Importantly, the value of µ C = 1.8 is significantly above the bottom of the 2DEG conduction band. Increasing the chemical potential beyond µ C = 1.8
does not move the position of low-energy ABS. Although the position of the chemical potential at which the transition takes place varies slightly between samples (likely reflecting different levels of disorder in the devices), the width of the transition is always much smaller than the distance to the band edge, i.e. ∆V G |V
which is consistent with our assumption that the transition is controlled by properties of the bulk band structure.
The pronounced changes in the critical current across the topological transition reflect a difference in the effective transmission of individual ABS. Whereas we may assume that the SC-TI interface barrier is lower and structural disorder is less for ABS at L 2 , the effective thickness of the boundary-zone is larger on this interface. All three aspects enhance supercurrent transport by ABS at L 2 . This explains the observed increase in critical current as the chemical potential is shifted up in energy across the transition and exemplifies a direct consequence of band structure topology on Andreev transport. In turn, this effect suggests a control mechanism for the spatial location of low-energy ABS and, perhaps, Majorana fermions.
When the junction is in the dissipative state, the current is carried by ordinary quasi-particle excitations. All conduction channels are expected to contribute, and a strong dependence on the position of the topological boundary is absent. Indeed, the normal-state resistance varies smoothly with gate voltage (i.e. charge-carrier density), cp. inset in Fig.2(a) . As a result, a step in the I C R Nproduct marks the crossover between the two topologically-distinct bandstructure configurations of the 2DEG region (see Fig. 2(b) ) and illustrates the difference in the effective Josephson coupling for supercurrent transport in the two respective locations of the topological boundary.
In conclusion, we presented the experimental observation of a topological phase transition 
where σ = (σ x , σ y , σ z ) are the Pauli matrices acting on spin space, τ x , τ y are the Pauli matrices acting on orbital space, and k is the wave vector relative to the TR at the bottom of the conduction band. The momentum-dependent mass term m(k) = M − |k| 2 , with M · > 0, changes sign at |k| = M/ .
It was shown before that the topological properties of the superconducting phase of a doped topological insulator change when the chemical potential corresponds to the wave vectors at which the effective mass m(k) vanishes [7] [8] [9] . One manifestation of this topological transition is the appearance of edge modes, e.g. the zero-energy Majorana states at the ends of a vortex passing through a doped topological insulator [7] [8] [9] 15 . In this case, the bound states that extend along the vortex 7-9, 14 become gapless at the transition and provide a channel for coupling Majorana modes at both ends of the vortex thus allow them to annihilate. Indeed, The presence of Majorana modes on the surface and gapless modes in the bulk of TIJJs corresponds to a phase difference of π, precisely. Under simplifying assumptions, it can be shown that this condition is fulfilled in TIJJs at maximum critical current 26 . We, however, are interested in the full evolution of lowenergy Andreev states. Thus, we study the general case of TIJJs with arbitrary phase difference. In what follows, we first derive the energy of ABS on the surface of a narrow junction. Next, we find the energy of bulk ABS and show that it decreases as the magnitude of the effective mass, |m(k)|, decreases. In particular, we see that -for vanishing effective mass m(k) -the (finite) energy of the lowest-lying ABS on the surface will become equal to the energy of the bulk Andreev states even if the phase of the junction is not π.
When the chemical potential is in the bulk band-gap of the TI, the only gapless states are helical states localized at the boundary of the TI sample. They realize the gapless, 2-dimensional Dirac Hamiltonian:
where σ = (σ x , σ y ) are the Pauli matrices in the bases (ψ ↑ , ψ ↓ ), and ψ σ is the electronic state with spin σ localized on the surface of the TI.
The low-energy effective Hamiltonian describing a Josephson junction on the surface of the TI with supercurrent alongx (such that the superconducting φ varies inx-direction) is given by 7
with a convenient choice of bases
In this Hamiltonian, the Fermi velocity at chemical potential µ is denoted by v F , and ∆ is the superconducting gap. The matrices σ act on physical spin space (which is locked with the momentum) whereas the η i act on the superconducting particle-hole space.
As the Hamiltonian, eqn. 5, is invariant under translation alongŷ, the momentum k y in this direction is conserved. The lowest-energy Andreev states in the junction correspond to k y = 0 for which equation 5
reduces to:
As an operator, σ x commutes with the above Hamiltonian. Therefore, it is possible to divide the eigenstates into two separate sets with eigenvalue σ x = 1, or −1:
where the negative (positive) sign of the first term corresponds to σ x = 1 (or −1), respectively. Similarly, at finite, positive chemical potential (µ > 0), the right and left Fermi points correspond to states with opposite σ x eigenvalues -σ x > 0 for the right, and σ x < 0 for the left Fermi point, respectively.
The eigenvectors |v have the form |v = e ik ± x |u , where
are the Fermi momenta at the two Fermi points, and the eigenvectors |u satisfy:
A short Josephson junction is modeled by the following phase distribution:
φ(x) = 0 for x < 0, and
Since we are interested in in-gap Andreev states, we define E = ∆ cos(β) with 0 ≤ β ≤ π. The eigenvector |u has the form:
where the vectors (a, b) T satisfy the following equation:
which leads to κ = sin(β) for x < 0, and κ = − sin(β) for x > 0. Notice, since we have 0 ≤ β ≤ π, it follows sin(β) ≥ 0. The wave functions are:
x ≥ 0 :
From the continuity condition at x = 0, we obtain β = The low-energy Hamiltonian in the bulk of a topological insulator is the massive Dirac Hamiltonian, eqn. 3.
Adding terms for superconducting pairing and the finite chemical potential, the Hamiltonian reads as
Here, we would like to point out that the minimal model for TI bulk states has two orbitals, and another set of Pauli matrices, τ i , for orbital space had to be introduced in the Hamiltonian. Therefore, the algebraic structure of the wave function is different for bulk and surface states.
Similar to surface states, low-energy bulk ABS have momenta parallel to thex-direction (i.e. k y = k z = 0), and the effective Hamiltonian is
Again, the operator σ x commutes with the effective Hamiltonian thus we can divide the eigenstates into two separate sets with eigenvalue σ x = 1, or −1:
In the following, we only present the solution for σ x = 1, which corresponds to the + sign for the first term of H b . The case of σ x = −1 can be treated identically. When the chemical potential is in the conduction band, spectrum and orbital wave function are solutions of the kinetic Hamiltonian,
Its eigenvalues and eigenfunctions are given by:
Numerical simulation
In order to further support our model, we study the structure of low-energy Andreev states in TIJJs numerically. A simple discrete model for TIs includes 4 orbitals on a cubic lattice with orbital-dependent nearest-neighbor hopping 7, 29 . We implement superconductivity at the mean-field level, i.e. we double the number of orbitals at each lattice site to represent superconducting particle-and hole-states, and we add a coupling term between the two sectors. Allowing the phase of this coupling to vary along thex-direction, we can model a TIJJ.
As we set the momentum along theŷ-direction (i.e. "parallel" to the junction) equal to zero, it is sufficient to discretize the Hamiltonian on a square, real-space lattice with dimensions L x × L z for which the two site-labels (x, z) are chosen along the directions of the superconducting phase variation,x, and the chemical potential shift,ẑ. Band-bending on the surface of the TI is modeled by choosing the chemical potential for sites with index 0 < z ≤ L z /3 in the conduction band whereas it is fixed at zero for sites with z > L z /3.
We then solve the discrete Hamiltonian exactly and plot the wave function amplitudes associated with the lowest-energy ABS against the chemical potential in the surface layer, see Fig. 3 (f) in the main article.
We observe that, as the chemical potential enters the conduction band, most of the weight of the ABS wave functions remains close to the boundary of the model (i.e. at L z = 0). When we further increase the chemical potential, the wave function spreads gradually across the surface region. As the critical chemical potential (µ C ) is reached, and the effective mass vanishes (m (k f ) = 0), the wave function is fully delocalized and extends throughout the region (i.e. sites for which 0 < z < L z /3) where band-bending occurs in our model.
Past the critical value µ C , the ABS are strongly localized at z = L z /3, which is the interface between thenow -topologically-trivial surface and the band-inverted bulk.
In conclusion, we showed that in a doped topological insulator, where superconductivity is induced in the bulk (in addition to the surface states), the energies of low-energy bulk Andreev-bound states are related to the magnitude of the effective mass of the bulk band and have a minimum when the effective mass vanishes.
At this point, the energies of boundary and bulk ABS are equal, which couples them and annihilates the boundary modes. Most prominently, this mechanism destroys surface Majorana modes when the bulk substrate undergoes a topological transition which makes it relevant in a wider context. Experimental signatures of the spatial displacement of boundary ABS due to a topological transition in the bulk band are covered in the main text.
